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INTRODUCTION 

        It is well known that the science of bio-

logical engineering involving repairs or re-

placement of tissues or organs by delivering 

implanted cell, scaffolds, DNA and proteins at 

surgery have tremendously sustained many 

lives in recent time (Butler et al., 2000; 

Salgado et al., 2004). Bone and graft material 

resorptions (the destruction, disappearance, or 

dissolution of bone and biodegradable graft 

materials by biochemical activity) may results 

to osteobstruction which inhibits the express 

bone regeneration processes (Ogunsalu et al., 

2010) in bone grafting. It is also well known 

in the literature the complexity of modeling 

comprehensive models which will accommo-

date all embracing dimensionality of the hu-

man physiological structure for instance n-D 

(n-dimensions) structure of a continuum bone 

segment. However the most practicable struc-

tures are in the 1-D, 2-D and 3-D.   

        Solving differential equations which 

arose from practical real life situations is not 

an easy task but with the applications of Lie 

groups’ method; a general integration proce-

dure based on the invariance of differential 

equations under a continuous group of sym-

metries (Olver, 1993; Bluman and Kumei, 

1989; Stephani, 1989). Of course, we need the 

solutions of differential equations that make 

sense to advancing technological medical ex-

ploits such as the equations of bone tissue re-

generations models. Interested researcher 

(reader) in the details of the models as well as 

the Lie groups’ invariant technique with 

which we obtained analytical solutions below 

is referred to Ogunsalu et al. (2010), Arunaye 

and Ogunsalu (2010), Bhatt and Krishnan 

(1995), Olver (1993) and Arunaye et al. 

(2011).  This paper is organized as follows.  In 

section 2 we introduced the general model 

called Fisher’s equation for gene transporta-

tion in fluid mechanics in 1-D which analyti-

cal solutions via groups’ invariant method 

have been obtained in Arunaye and Bhatt 

2011. In section 3 we present the Lie symme-

tries, Lie groups and analytical solutions of 

the single guided tissue regeneration (S-GTR) 

and summarily present group invariant solu-

tions of (D-GTR) models in 1-D. Finally sec-

tion 4 presents discussions and concluding 

remarks.  

 

FISHER’S EQUATION FOR GENE 

TRANSPORTATION IN FLUID ME-

CHANICS IN 1-D 

        This model is given by  

                          (2.1) 

where is the “frequency of the mutant 

gene” and is the “intensity of selection in 

favour of the mutant gene” and  is a real 

constant. The Lie symmetries are (Arunaye 

and Bhatt 2011) 
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The corresponding Lie groups are (Arunaye 

and Bhatt 2011): 
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The invariant solutions are (Arunaye and 

Bhatt, 2011):                             
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and , , ,  are arbitrary constants. 
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MATHEMATICAL MODELS FOR THE 

BONE TISSUE REGENERATION in 1-D 

         In the following we present the analyti-

cal solutions of the two models in Ogunsalu et 

al. using Lie groups invariant technique.           

 S-GTR model 
The model system is given as 

    (3.1) 

Let us rewrite (3.1) as   

 

  . 

It turns out that the model (3.1) takes the form 

(2.1). Where the bone concentration  threshold 

( ) is taken to be unity, is concentration 

of bone cells at graft site, is rate of bone 

cell proliferation at graft site and the biode-

gradable membrane/tissue interaction effect is 

 (real number). Thus we obtain the corre-

sponding Lie symmetries, Lie groups and in-

variant solutions of (3.1) in 1-D are as follow: 

Lie symmetries 
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Invariant solutions                              
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 D-GTR model 

 (3.5) 

Similarly, we have the invariant solutions of 

(3.5) as 
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DISCUSSION AND CONCLUSION  
Guided tissue regeneration (GTR) membrane 

is a synthetic biodegradable material used to 

confine bone graft to graft site. The thickness/

type of membrane influences the osteoblastic 

activities and osseointegration of the graft ma-

terial at the recipient site (Arunaye and Ogun-

salu, 2010). We only considered the models in 

1-D (one dimension) for simplicity however; 

in general the concentration of bone cells at 

graft site is a function , where

, in which case the models are more compli-

cated. In the above, we have used the method 

of invariant solutions of differential equations 

to obtain the infinite solutions of both S-GTR 

and D-GTR models of bone tissue regenera-

tions. The solutions of these models shall en-

hance the predictability of the state of ortho-

pedic patient in a Hospital.         

       

REFERENCES 

Arunaye, F.I. and B.S. Bhatt. (2010). Group 

invariant solutions of evolution equa-

tions for    composites. World Journal of 

Engineering. 7(3): 93-95. 

Arunaye, F.I., Bhatt, B.S. and Nagarani, P.  

(2011). On the solution of the convec-

tive-diffusion equation. International 

Journal of Pure and Applied Mathemat-

ics 68(1): 37-53. 

 Arunaye, F.I. and Bhatt, B.S. (2011). Group 

invariant solutions for Fisher and Hux-

ley’s equations for gene transportation. 

International Journal of Pure and Ap-

plied Sciences and Technology In Press  

with ISSN 2229–6107. 

Arunaye, F.I. and Ogunsalu C. (2010). 
Bone regeneration model (a new phe-

nomenon in bone grafting). World Jour-

nal of Engineering. 7 (Suppl. 2): 160-

162. 

6

2

2

221 ))1(42(),(
2

2
2

2
ctBBRtxtxtx

D

BR

D
---+-=b

+-+ 52 )1(2 tcBBR

4

2

2 ]exp[ ctBR- 322
1 )(

2

2
2

2
cxtx

D

BR

D
--

.),()2( 22 ò ¶-- ttxRBR a

),( txB qx ÂÎ

Nigerian Journal of Science and Environment, Vol. 11 (1) (2012) 



    cxxxii  

Bhatt, B.S., and Krishnan, E.V. (1995). Group 

invariant solutions of unsteady flow 

equations. Advances in Modelling and 

Analysis. A. AMSE Press 29(2): 1-10.  

Bluman, G.W., and Anco. S.O. (2002). Sym-

metry and Integration methods for Dif-

ferential Equations. Springer-Verlag, 

New York.  

Bluman, G.W. and Kumei, S. (1989). Sym-

metries and Differntial Equations. 

Spriger-Verlag, New York. 

Butler, D.L., Goldstein, S.A. and Guilik, F. 

(2000). Functional Tissue Engineering: 

The Role of Biomechanics. Transactions 

of the ASME. 122: 570-575. 

Ogunsalu, C., Arunaye, F., Ezeokoli, C.,  

Gardner, M.T., Rohrer, M. and 

Prasad, H. (2010). Mathematical model 

for osteobstruction in Bone Regeneration 

mechanism; A headway in skeletal tissue 

engineering. Oral Surgery, Oral Medi-

cine, Oral Pathology, Oral Radiology 

and Endodontology 110 (3): 315-16. 

Olver, P.J. (1993). Applications of Lie 

Groups to Differential Equations 2nd ed. 

Springer-Verlag, New York. 

Saglio, A.J., Coutinho, O.P. and Reis, R.L. 

(2004). Bone tissue engineering: State of 

the art and future trends. Macromolecu-

lar Bioscience. 4:743-765. 

Stephani, H. (1989). Differential equations: 

Their solution using symmetries. Cam-

bridge University Press, New York 

Arunaye 


